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ABSTRACT. The prototype of a potential process is a stochastic process which
visits the same points in the same order as a Markov process, but at a rate
obtained from a nonanticipating time change. The definition of a potential
process may be given intrinsically and most generally without mention of a
Markov process, in terms of potential theory. The definition may be given
more directly and less generally in terms of potentials which arise from
Markov processes, or more directly than this, as suitably time-changed
Markov processes. The principal purpose of studying the class of potential
processes, which may be shown to include martingales as well as Markov
processes themselves, is to give a unified treatment to a wide class of
processes which has potential theory at its core. That it is possible to do so
suggests that potential rather than martingale results are central to the study
of Markov processes. Furthermore, this also suggests that it is not the
Markov property itself which makes Markov processes tractable, but rather
the potential structure which can be constructed with the assistance of the
Markov property. The general theory of potential processes is developed in
a forthcoming paper. It will be shown there that a Markov process subject to
an ordinary continuous nonanticipating time change is a Jlocal potential
process. It may be seen, by examining examples, that it is necessary to
consider randomized stopping times and randomized nonanticipating time
changes in the general case. In the forthcoming paper a more general notion
than randomized nonanticipating time changes is used to obtain a char-
acterization of potential processes. It is an open problem whether randomi-
zation itself is sufficient in the general case, and whether ordinary nonantic-
ipating time changes are sufficient for continuous parameter martingales
and Brownian motion on the line. The emphasis in the present paper will be
on developing the theory of discrete parameter martingales as a special case
of the general theory.

1. Introduction. Let M be a Markov process with stationary transition
probabilities and let { T}, t € [0, )} be its associated semigroup of transfor-
mations on the space of measures on the state space. The potential operator
U,, is the linear operator on the space of measures p given by

Ui = [ TMu d.
0
It is clear from the definition that the potential operator has the property that
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40 R. V. CHACON

if p, is the distribution of the Markov process stopped at s, where s is a
bounded stopping time, then U, p, is monotonically decreasing with increas-
ing s, if the potential operator is finite. More generally, U, (#,q) — ) 2 05
where s(1) < s(2) are two bounded stopping times, for any process. It is this
fact, that the potential can be used to keep track of the relative stage of
development of the process, even with respect to s.opping times, which makes
potentials useful.
Brownian motion B on R is recurrent and so Ugp is infinite if the measure
p is positive. If the measure p is a signed measure with 1(R') = 0 and with
finite first moment, then Ugp is not only finite but is absolutely continuous
with respect to Lebesgue measure and its Radon-Nikodym derivative is given
by
dUpp

=~ [|x — y|r(@).

It is convenient to refer to this integral as the potential density of p (with
respect to Brownian motion B), and to denote it by p,(x). Note that the
integral p,(x) is finite whenever the measure p is finite and has finite first
moment, even though it may not always be the Radon-Nikodym derivative of
the potential with respect to Brownian motion.

The general program is to indicate in detail how potentials can be used in
the study of martingales in the present paper, and then to show how to define
potential processes and to develop the general theory in a forthcoming paper.
Very roughly, if the potential in question is the potential of a Markov process,
then its associated potential processes are related to the potential in the same
way that martingales are related to the potential given by the operator Uj. In
the present paper some standard and not so standard martingale results are
given potential proofs. The results are intended as samples of the sort of
theorems which can be proved for general potential processes, and the proofs
given are intended as hints of the proofs needed in the general case. The
ordinary martingale results represent the work of many authors, some of
whom are mentioned in the bibliography. The papers connecting potential
theory and Markov processes are so well-known that no explicit reference is
made to them. There are several areas which have not been considered. It is
possible to give a particularly simple definition of stochastic integral with
respect to martingales using the potential function. The key observation is
that potential functions reduce stochastic measures to real measures by
looking at the potential at each x in R. The same construction can be made to
apply to potential processes giving, for example, a definition of stochastic
integral with respect to arbitrary Markov processes. It is also possible to
interpret the quadratic variation of a martingale in terms of the potential, and
it seems likely that some of the inequalities of martingale transforms would
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carry over to the general case. More specific conjectures suggested by these
considerations are the following:

(1) Let M be a real-valued Markov process with infinitesimal generator L
and let f(x) be a function in the domain of L such that Lf = 1. If Yisa
stochastic process such that f(y,) — ¢ is a martingale and such that it has the
same hitting probabilities as M, then Y and M are equivalent in the sense of
having the same joint distributions.

(2) If two processes have the same hitting distributions, then each is a
nonanticipating time change of the other.

2. Properties of the potential in R!. Let p be a measure defined on the Borel
field of R!, and call a positive measure having total measure one a unit
measure, reserving the name probability measure for the measure of the
probability space (R, %, P). The force of p is defined by

F,(x) =fq(x = V) D)
where
-1, x<0,
qg(x) =30, x=0,
I, x>0,
and the potential of p is defined by

Pu(x) = f ~x =y (D).
It follows that

pu(x2) = pulx) = = [F, () &,

so that the potential function is either finite or infinite everywhere, and if
finite it is uniformly continuous with modulus of continuity bounded by
B(R") since |F,(s)| < w(RY).

A key property of the potential function is that it is monotone for
martingales. This follows from the fact that if p, is the unit mass at x, and if
py is a unit measure with center of mass at x,, then Pu(X) < p, (%)

LEMMA 2.1.  If p, is a unit measure with center of mass at xo and if p is the
mass at xq, then

Py (%) < =[x = Xo| = P, (x)-
PROOF. Assume without loss of generality that x, = 0. That —|x| is the

potential of the unit mass at the origin is trivial. That p, (x) < —|x] follows,
for x > 0, from

Pu(x) = = [lx =y u(d) < = [(x = y)u(d) = - x,
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and for x < 0 from
Pu(x) = —flx —y|m(d) = -fl—x + | ()

< —f(~x +y)u(dy) = x.

LEMMA 2.2, If p, and p, are unit measures with the same center of mass then,
ifx>0,

1P (3) = 2] < [ (@) + )]
and if x <0,
12 () = 2] < 2| ¥ (@) + (@),

5o that lim,_, (p, (x) — p,(x)) = 0.
Proor. We will prove the lemma for x > 0.

Pu(®) = Pu(¥) = [ =[x = y|(m (@) = pa(@))

=f((x =)~ = yDm(@) —f((x =) P =y wm(d),
since [(x = y) m(dy) = f(x — y) py(dy). Further (x —y) = |x — y| =0 if y
< xand (x —y)—|x —y|=2(x —y)ify > x, so that
Pa(3) = 23 = 2[ 7 (x = D)1 (@) = pa(@)),
from which the lemma follows since —y < (x — y) < 0if 0 < x < y.

LeMMA 2.3. If u, and p, are unit measures such that Py (X) > p,(x), then p,
and p, have the same center of mass.

Proor. Compare p, (x) and p, (x) with —|x — x| and —|x — x,|, where x,
is the center of mass of pu, and x, is the center of mass of y, in order to show
that x, = x,. Lemma 2.2 implies that

i, 20+ l=0

Since p, (x) — p,(x) > 0, and

leliinw Py (%) +]x — x)|=0.

P = x| = |x = x| = (P (%) +]x = xa)
= (20, () +1x = xi]) + (£, (%) = £, (1)),

the limits imply that

liminf |x — x| —|x — x,|> 0.
|x]—>00
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This in turn implies that x; = x, since |x — x,| — |x — x,| equals (x, — x,) if
x > max(x,, x,) and it equals (x, — x,) if x < inf(x,, x).

A sequence of measures { ,} is said to converge weakly to p, and write
M, = p provided that lim,_, . [f du, = [f dp, for each continuous function f
having compact support.

LEMMA 2.4. If { n,} is a sequence of unit measures and if p, = p, then
lim sup p, (x) < p,(x).

PROOF. Let g(y) be a continuous function having compact support and
such that —|x — y| < g(») < 0. Then

P, (%) =f‘lx = (@) < [ 8() ma(@) < 0,
so that

lim sup p, (x) < f g(y)n(ay) <0.

Letting g(y) » —|x — y|, lim sup,_, ., P, (x) < p,(x).
The next two lemmas were obtained for R” in [2].

LEMMA 2.5. If { u,} is a sequence of unit measures such that p, = p and such
that lim,_,, p, (xo) exists for some xo € R', then lim,_, , p, (x) exists for all
X € R and there is a constant C > 0 such that

nl_i’ngo P, (x)=p,(x) - C.

Furthermore, if there is a unit measure v such that p, (x) > p,(x) for all
x € R' and all n, then p is a unit measure and C = 0.

PROOF. Lemma 2.4 implies that p,(x,) is finite. Since
X
Pu(%) = P (x0) = = [ F, (s) s,
X0
and since it is easy to see that

lim — ["F, (s) ds= - [F(s)ds
X0 X0

n—o0

the first part of the lemma follows at once with C a real constant. That C > 0
follows from Lemma 2.4.

To see the second part of the lemma, note that if p, (x) > p,(x) where the
measures are unit measures, then limg_ . u,((— R, R)) = 1 uniformly in n,
since otherwise inf, p, (x) = — oo for each x € R', and hence p is a unit
measure. Since p,(x) — p,(x) > C > 0 and as this implies p,(x) > p,(x), we
may apply Lemma 2.3 to see that p and » have the same center of mass, and
then Lemma 2.2 to obtain that
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lim p,(x) - p,(x)=0.

|x|—00

Since p,(x) — p,(x) > C > 0, this implies that C = 0.

LeMMA 2.6. If { ,} is a sequence of unit measures such that lim,_,.p, (x)
exists for all x € R', then p,=> n for some measure p, and p is uniquely
determined by the limit lim,_, , p, (x).

Proor. It follows easily by integration by parts that each smooth function f
having compact support may be written as

fO) =3 [1y = x|f(x) d,

and hence for such f,

JIOY@) = 5 [[1x = )5 (x) dx = & [ 5, (0)17(x) .

Since f”(x) is bounded and has compact support, and since p, (x) converges
uniformly on bounded intervals lim,_, . [f(») p,(dy) exists for smooth func-
tions with compact support. This, as is well known, is sufficient to imply the
existence of a unique p such that p, = p.

3. Optional sampling. If y is a random variable, denote the distribution of y
by p(y) so that the potential function of y, p,(x) = p,(,(x). Let {F,, 1 € T}
be an increasing family of o-fields contained in %. We say that r(w), w € Q,
is a stopping time of {%,, t € T} provided that r(w) is a finite T-valued
random variable such that for each ¢t € T, {w: r(w) < t} € F,. To avoid the
excessive use of subscripts the notation r(k, w) is used instead of r,(w), and
for simplicity we sometimes write r(k) instead of r(k, w).

A sub (super) martingale is a stochastic process {y,, 9,, ¢ € T} such that
for each bounded stopping time r, y, is an %, measurable random variable
and for each pair r(1) < r(2) of bounded stopping times,

J 700 () < (3) [ Dru(w)P (da).
A martingale is a process which is both a sub and a supermartingale, so that
for each martingale {y,, %,, t € T} there is a constant K such that for r a
bounded stopping time, [y, = K.

LEMMA 3.la. The stochastic process {y,, %,, t € T} is a martingale if and
only if for each pair r(1) < r(2) of bounded stopping times,

P (X) 2 b, (x),

where py'm(x) is the potential function of y,,, i = 1, 2.

PRrOOF. Suppose that {y,, %,, t € T} is a martingale. Then for each real x,
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{x -y, G, t €T} is also a martingale and {|x —y|, ¥, tE€ T} is a
submartingale. Then

~ D) = f |x = | < f |x = Y| = = b, , (%)

Next, suppose that p, (x) > P, ,(x). Since both measures are unit
measures, it follows from Lemma 2.3 that they have the same center of mass,
and hence [y,;, = [y, Since this is true for each pair of bounded stopping
times, it follows that {y,, %,, t € T} is a martingale. This concludes the proof
of the lemma.

An important notion in the study of martingales is that of a standard
Stopping time. A stopping time r is a standard stopping time provided that
there exists a sequence {r(n)} of bounded stopping times such that
lim,_, r(n) = r with probability one, and such that lim,_ Py, (%) = p, ().

LEMMA 3.2. Let {y,, 5,,t € T} be a martingale. If r is a stopping time of the
process, then the following conditions are equivalent:

(@) r is a standard stopping time;

() if F(n) = inf(r, n) then lim,_,,p, (x) = p, (x);

(c) there exists a sequence {r(n)} of standard stopping times such that
lim,_, r(n) = r with probability one, and such that lim,_, P, (X) = p, (x);

@) f|y,| < o and lim inf,_, f r>m)lVal = 0.

ProoF. Since {y,, %,,t € T} is a martingale, it follows easily that (a), (b)
and (c) are equivalent. To see that (a), (b) and (c) imply (d), note first that it
is assumed in (a), (b) and (c) that f|y,| = P,,(0) is finite, since p, (x) is finite.
Next, letting 7(n) = inf(r, n), note that

|Yim| = 1e) = Xtr>m) (| Yal = | 7))
where x(,,) is the characteristic function of the set {r > n}. This implies
that

P® =8O =J = i

Since lim,,_, o, [(,>n)|¥,| = 0, (b) implies (d). On the other hand, if f|y,| is finite
it follows from the same equation that lim inf, /(<. |7, = 0 implies that
there exists a subsequence {n(k)} such that

kll»n:o Py’_(m»(()) =P )’r(o)’
and since p( Vit = (), that
Jim p, () =B, (%),

by Lemma 2.5, so that (d) implies (a). Note that since P,,.(%) is monotonically
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decreasing, this argument also tells us that there is a further equivalent
condition:

(C) flyrl < o0 and limn-mof{r)n)'ynl =0.

LEMMA 3.1b. The stochastic process {y,, %,, t € T} is a martingale if and
only if for each pair r(1) < r(2) of standard stopping times, P, (%) > p, 'm(x).

Proor. Follows from Lemma 3.la, the definition of standard stopping
times, and Lemma 3.2(b).

LemMA 3.3. If {y,, 9,, t € T} is a martingale and t is a standard stopping
time, then any stopping time r < t is also a standard stopping time.

PROOF. Since ¢ is a standard stopping time, if #(n) = inf(¢, n), then

0 p,,(¥) > p,,, (x) > p,(x) and

(i) lim,,_, Py, (X) = b, (x).The sequence F(n) = inf(n, r) satisfies

p)’f(»)(‘x) > pyr'(ml-l)(x) > p)’z‘(ul) > p)’:(x)

by Lemmas 3.1a and 3.1b. Since p(y;,) = u(»,), Lemma 2.5 implies that
lim,_, p,, (%) = p, (%), and hence r is a standard stopping time.

The next result is due to Doob and is known as the optional sampling
theorem in the case that T is the set of nonnegative integers.

THEOREM 3.1. Suppose that {y,, F,,t € T} is a martingale and suppose that
{r(t), t € T} is a family of standard stopping times with r(t(1)) < r(t(2)) if
t(1) < 1(2). Then {y,4p F,y»t € T} is a martingale.

ProoF. The definition of %, is the following:

Fo={4:A€F,An{r(t)<r} €%,alreT}.
The theorem follows at once from Lemmas 3.3, 3.1a, b.

4. The martingale convergence theorem. There are several proofs of this
important theorem. The proof given here is based on the properties of the

potential function.
Note first that if {y,, n =0, 1, 2,...} is a sequence of random variables,

and if
* — 13 =1 .
y*=limsupy, y, lim inf y,
then there exist sequences {#(n)} and {r(n)} of bounded stopping times such

that

yr=lm oy, = lmoye.

This follows easily by considering functions of the form
sup{y,,s(1) < n < s(2)}, inf{y, s'(1) < n<sQ)},
and then taking the first time after s(2) (or s'(2)) that the sequence {y,} is
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close to each of these functions. The stopping times {#(n)} and {r(n)} can be
chosen so that r(1) < t(1) < r(2Q) < t(2) < r(3) < t(3) < ..., so that if
{»,} is a martingale,
py'(l)(x) > pyl(l)(x) 22 Pyr(n)(x) 2 p)’l(n)(x),
by Lemma 3.1a. If the martingale satisfies the condition that there exists a
constant K such that f|y,| < K, then [|y| < K also, for each bounded
stopping time. Since p, (0) = — /||, the condition implies that
nll»nc}o py"")(x) = nl-]->ngo pym-)(x) = q(x)’

where g(x) is finite. Letting p(z,) be the distribution of y, and p(¢) that of y,,
we have, since p(t,) = p* and p(r,) = p, where p* is the distribution of y*
and p, is the distribution of y,, that p* = p, by the uniqueness given by
Lemma 2.6.

THEOREM 4.1. If {y,, n =0, 1, 2, ...} is a martingale and if there exists a
constant K such that |y,| < K, then lim,_,  y, exists with probability one.

REMARK 4.1. The potential kernel k(x) = —|x| may be regarded as the sum
of two kernels k(x) = k,(x) + k,(x), where

=[x ifx<0, 10 ifx <0,
k() {0 ifx>0 () {—x if x> 0.

If the potential of a measure p is defined using k,(x) and k,(x) as the
potential kernels,

Pu(®) = [ki(x =N p@),  po(x) = [ka(x = ») B(@),
and
Pu(x) = p1(x) + pa(x)-
These potentials have applications to sub and supermartingales.

5. Uniform integrability. A very important concept in martingale theory is
that of uniform integrability. The sequence of random variables { y,, n > 0}
is defined to be uniformly integrable if

lim Yo(w)|P(dw) =0
N—oo (ly,.I>N}| @IP¢

uniformly in n. A well-known necessary and sufficient condition for uniform
integrability is that f|y,(w)|P (dw) be bounded in n, and that, if P(4) = §,

;ggmmmwwu

If 7 is a stopping time of {y,, n > 0} then  satisfies the conditions that
/1yl < o0 and lim,_, [ (,».lv,| =0 if and only if {y,,,} is uniformly
integrable. This follows from the inequalities
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fly‘r/\n|<fn( r<n } fn{,>”}l}’n|
<Llyfl+f(f>n}|y,.l,

and gives another characterization of standard stopping times for martingales.
In generalizing the notion of a standard stopping time, the characterization in
terms of the potential function is the uscful one, however.

The next result gives a necessary and sufficient condition for the uniform
integrability of a martingale in terms of its potential functions. It is the
following.

LeMMA 5.1. If {y,, n > 0} is a martingale then the random variables are
uniformly integrable if and only if there exists a unit measure p such that
p,(x) > p,(x), x € R

ProoF. It is known that if {y,, n > 0} is a uniformly integrable martingale
then lim, v, = y, exists almost everywhere and {y,, n >0, y,} is a
martingale. Lemma 3.1a gives p, (x) > p, (x). Conversely, if the inequality
holds with p, (x) replacing p, (x), where p is a unit measure, then by the proof
of Theorem 4.1 it follows that lim,_, , y, = y,, exists almost everywhere and
also that {y,, n > 0, y,.} is a martingale with f|y(w)|P(dw) < o, so that
{¥n» n > 0} is uniformly integrable.

6. Uniqueness. The uniqueness lemma used is the second lemma of this
section. The first lemma is a weaker form of it which is given to motivate the
ideas.

LEMMA 6.1. Suppose that p, and p, are two finite measures on R' having
finite potential. If p, (x) = p, (x) then p, = p,.
PRrOOF. Let f be a smooth function having compact support. Then
fO) = [ =1y = 21(x) d,

and hence

[rym@) = [[ =1y = x5 (x) dx ()
= [ 1) P (x) dx = [ 1"(x)B,, (x) dx
= [[=1y = 170 de (@) = [S) o).

Since this relation holds for any smooth function f having compact support,

By = Ko
The next lemma is a stronger version of the first, and in higher dimensions

and in a slightly more general form it is known as the domination principle.
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LEMMA 6.2. Let p, and p, be finite measures on R' having finite potential. If
@) p,(x) > p,(x), x € R,
(®) p, (x) = p,(x) on the support of u,, and
(C) lim]xl—»oopp,l(x) - PM(X) =0,
then p, (x) = p,(x), x € R' and hence p, = p,.

Proor. Since Py (%) and p,(x) are continuous functions, the set {x:
Pu(x) > p,(x)} is an open set which is made up of disjoint open intervals. If
one of these intervals is considered p, (x) = p,(x) atiits end points and Pu(X)
is a linear function in the interior, since the interior has p, measure zero.
Furthermore, since Pu(X) is convex, P, (x) > p,(x) and hence p, (x) = p, (x)
on the interval. Note that by (c) it is not necessary to distinguish between
finite and infinite intervals, and thus the set {x: Py (%) > p,(x)} is empty.

7. Second moments. The results of this section were obtained for R” in [2].

LemMa 7.1. Let p, and p, be unit measures having finite potential. If
Py (%) > p, (%), x € R', then

J(2®) = P () dx = [x%uy(dx) = [, (a0)

PROOF. Approximate —x? by functions each of which differs from a
potential by a constant. This is done by considering the potential of a
uniform mass density on a sequence of bounded intervals.

Choose R > 0 and let fz(x) be given by

I, |x|< R,
Ao ={o S A
Let o, be the measure with fi(x) for its density, and note that the potential of
the measure o, is given by
—(x*+ R?), |x|< R,

Py (X) = [ ~2x|R, x> R.
Then let vg(x) = p,, (x) + R?, 50 that vg(x) is a decreasing function of R for
x fixed, and limg_, , v(x) = x%
Note that

Jor(x) ua(dx) = [og(x) ma(dx) + [og(x) pa(dx) = [0 (x) ()
= [or () () + [ poy () 12(dx) = [ £, (x) 1 ()
= [or () 1) + [ (2 (%) = Py, (X))o (dx)
= [or () () + [ (P (%) = £y () fa (x) d,

and letting R — o0, the lemma follows.
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LEMMA 7.2. Let p, be a unit measure having finite potential and let { B,} be
standard brownian motion with initial distribution p,. If r is any standard

stopping time,

[r@)P(de) = [¥hy(dx) = [x%,(dx) = [(2,,(5) = p,,(x)) d,
where i, is the distribution of B,.

PROOF. Since, as is well known, B2 — ¢ is a martingale, the result holds for
bounded stopping times. If F(n) = inf(r, n),
B:ws1y = Bimy L (Bin) — Bin-1y)
and the lemma follows by passing to the limit.

8. Balayage of measures. Let p be a unit Borel measure and let I be a finite
open interval. Define a unit Borel measure g, to be the balayage of p with
respect to I, by first defining it for measures which are concentrated on a
finite number of points and then passing to the limit. Let ¢ be a unit measure
concentrated on the points xy < x; < + - + < x, and suppose that p(x,) =
m,, where my + m; + - - - + m, = 1. Let I = (a, b) and assume that

X< KX <a< x4 < <X <b< X< < x,
The balayage of p with respect to I is the measure p, given by
wx)=m, s=0,...,kj,...,n

i} ms(b - x:) ! m:(x.v - d)

w(a) = > —(5—_—0—)", e (b) = 2

smk+1 smk+1 (b - a) '

Note that p, agrees with u on the complement of closure of 7, p, is zero on I,
and p gives measure to the end points of I equal to the measure which would
be deposited there by Brownian motion (or any other martingale having
continuous and unbounded paths) having initial distribution equal to p
restricted to I (we are ignoring the obvious normalization required since p
restricted to I is in general not a unit measure). The result of this section
compares the potential function of a measure with the potential function of
its balayage. It is the following lemma.

LeMMA 8.1. Let p be a unit measure having finite potential function, let I be a
finite open interval and let p; be the balayage of p with respect to I. Then

@) p,(x) > p,(x), x € R,

(i) p,(x) = p, (), x E I° and )

(iii) p, (x) is a linear Sfunction for x € I.

PrOOF. The lemma follows easily from the equation

r(®) = pux) = - [(F(9) &,
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where F, is the force function of p, and the corresponding equation for p,.

9. Conditional potentials and Lebesgue spaces. A measure space (?, ¥, P) is
a lebesgue measure space if it is isomorphic to the unit interval plus a
countable number of points with discrete measure. It is easy to see that any
countably generated measure space is o-field isomorphic to a Lebesgue space.
In this section it is assumed that the probability space is a Lebesgue space.
The point of this assumption is that conditional probabilities will then exist.
The language of measure theory is used rather than that of probability.

A partition { is a collection of pairwise disjoint subsets of £ whose union is
Q. The elements of { are called partition elements and the partitions may be
regarded as the points of a new space which is denoted by £/¢. The partition
elements may be regarded as points of Q/¢{ and also as subsets of . Denote
by ; those sets of partition elements whose union, when regarded as subsets
of @,is in ¥. Given a set B; € ¥; define P,(B;) by

Py (B;) = P( U S),
seB;
where S is a partition element. The measure space (2/¢, %;, P;) is called the
factor space of (R, ¥, P) with respect to §.

Let ¢ be an arbitrary partition of Q where (2, ¥, P) is a unit Lebesgue
measure space, and suppose that each partition element S of { is a measure
space itself, that is, suppose that for each S of { there is a o-field %5 and a
measure Pg such that (S, %, Pg) is a measure space. Say that (S, g, Pg),
S € ¢, is a canonical system of measures provided that

() (S, Fs, Pg) is a unit Lebesgue space for almost all S with respect to the
factor measure, and

(b) for every set A € ¥ the set A N S € F for almost all S with respect
to the factor measure, Pg(4 N §) is measurable with respect to the factor
o-field %;, and

P(A) =mes(A N S)P; (dS).

An example which makes these ideas clear is the following. Let (£, %, p) be
the unit square with the usual Lebesgue sets and Lebesgue measure and let {
be the partition having for partition elements the vertical lines. If each
vertical line is regarded as a measure space by equipping it with its Lebesgue
sets and Lebesgue measure, we have a canonical system of measures with
respect to {. The factor space (£ /&, GJ':, P is composed of the vertical lines,
the vertical sets, i.e. the sets which are of the form 4 X [0, 1], and P; is the
measure P restricted to vertical sets. This space is isomorphic to [0, 1] with
Lebesgue sets and Lebesgue measure.

Let § be an arbitrary collection of subsets of € and denote by {(§) the
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partition generated by §, that is, the partition each of whose elements § is of
the form § = N ,c4C(4), where C(A4) is a set-valued function of 4, whose
value for each A is either A or the complement of 4. It can be shown that
£(8) = L(F(8)) = £(F(8)), F(G) is the o-field generated by &, and F(8) is
the field generated by §. We say that a partition { is measurable if there
exists a countable collection § of % -measurable sets such that {(§) = §.

THEOREM 9.1 [12). Let (2, &, P) be a Lebesgue space. A necessary and
sufficient condition for a partition to have a canonical system of measures is that
$ be measurable, i.e. that { be generated by a countable number of measurable

sets.

If z is a random variable and § a countably generated o-field, Theorem 9.1
implies that E {z|8 } can be written E {z|S} where S € {(8) and E {z|S} is
a measurable function of S with respect to the factor o-field. Define the
conditional potential function of z given § to be the function of the partition
elements S of {(8) given by

P.(x1S) = [ =[x = y|P(z € IS ).
If B is a set of positive probability we define p,(x|B) by

P.(x|B) = [ —|x - y|P(z € &|B).
Note that the measures need only be finitely additive for the integrals to be

well defined.
Let zy, z,, . . ., z, be random variables and let § be the o-field which they

generate. Each partition element S of the partition §(8) is given by
S={wzp=Xp...,25 =x}

where x, ..., X, are real numbers. We denote S by (xq ..., x). The

following lemma follows at once from Theorem 9.1.

LemMma 9.1, Let zy, z,...,2,, be random variables and let B = {w:
(2¢ - - - » 2x—1) € B,) where By is a k-dimensional Borel set. Then

x|B) = x|(xgy - -5 X ))P(dxg, ..., dx
Pz,,,,( |B) Bk/“g)Pz,‘.,( |(xo )P (dx, ‘ x)

where 8 is the o-field generated by z,, . . ., z, and where P(dxg, ..., dx,) is
another way of writing the factor probability P;(dS).

ProOF. Lemma 9.1 is just a restatement of Theorem 9.1.
LEMMA 9.2. Let z,, . . . , 2, be random variables such that
Pz,,.(xl(xo’ cees X)) < Pz,(xl(xo’ RS )}

for all x for almost all (x,, . . . , x,_,) with respect to the factor probability, and
such that there is strict inequality for some fixed X for (xg, ..., x_,) € By,



POTENTIAL PROCESSES 63

where B, has positive factor probability. Then there is an open interval I, a
constant ¢ and a set C, C B, having positive factor probability, such that

Poy, (X|(X0 - - s X)) < € < p (*|(Xgs + -+ 5 Xe—1))s
Jor x €1, (xg, ..., x,_,) € C, and further
P{z, €1|(xp ..., %)} >0
for (xg, ..., x,_)) €E G
PROOF. A straightforward exercise in measure theory.

10. Embedding theorems. If { y,, ¢ > 0} is a martingale and 0 = 5(0) < s(1)
< ..., is a sequence of stopping times, then we say that {y, ¢t > 0} is
transformed into {y,), 7 > 0} by {s(n), n > 0}. Two stochastic processes
are said to be equivalent if they have the same joint distributions. The first
theorem implies that sequences of unrestricted stopping times are too general
to be of interest from the point of view of transformations, and the third
theorem implies that sequences of standard stopping times are the appropriate
sequences to be considered if martingales are to be transformed into
martingales.

THEOREM 10.1. Let {y,, n > 0} be a discrete parameter stochastic process
and let {B,, t > 0} be standard Brownian motion. If the distributions of y, and
B, are equal, then there exist stopping times 0 = s(0) < s(1) < ..., such that
{Yns n > 0} and { B, ), n > 0} are equivalent.

PROOF. Let { 7,, n > 0} be a stochastic process equivalent to {y,, n > 0},
and let { 7,, n > 0} be measurable with respect to §{B,, 0 < r < 1}, the field
generated by {B,, 0 < ¢ < 1}. This is possible since F{B,, 0< ¢t < 1} is
nonatomic and countably generated and % {y,, n > 0}, the field generated
by {y,, n > 0}, is countably generated, so that there is a field isomorphism of
% { ¥, n > 0} onto a subfield of F{B,, 0 < ¢ < 1} which carries {y,, n > 0}
into an equivalent process {,, n > 0}. The sequence of stopping times is
then defined inductively. Assuming that 0= s(0) < - -+ < s(k) have
already been defined, let s(k + 1) be given by

s(k+ 1) =inf{t: B, =F, 1,1 > 1,1 > s(k)},
k=0,1,2,.... This clearly completes the proof of the theorem.

Theorem 10.2 follows at once from Theorem 10.3 and Lemma 7.2 since all
that remains is to show that the stopping times have finite expectations and

that their differences are equal to the differences of the second moments of
the random variables.

THEOREM 10.2. Let {y,, n > 0} be a discrete parameter square integrable
martingale and let { B, t > 0} be standard Brownian motion. If the distributions
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of y, and B, are equal, then there exist stopping times having finite expectations
0=s5(0) < s(1) < ..., such that the joint distributions of {y,, n > 0} and of
{2n} are equal, and

fS(k) —s(k-1) =fyf — Vi
Dubins remarks that even if the martingale is not square integrable the
stopping times obtained should in some sense be the natural ones. The main
theorem of this section addresses itself to this question.

THEOREM 10.3. Let {y,, n > 0} be a discrete parameter martingale and let
{2, t > 0} be a continuous parameter martingale with continuous and un-
bounded paths. If the distributions of y, and z, are equal then there exist
standard stopping times 0 = s(0) < s(1) < ..., such that the joint distributions
of {yps 1 > 0} and of {z,(,), n > 0} are equal.

The first lemma needed in the proof of Theorem 10.3 is the following.

LEMMA 10.1. Let {z,, t > 0} be a martingale with continuous parameter and
continuous and unbounded sample paths, let s be a standard stopping time and
let I be a finite open interval. If r is the stopping time given by

r(w) =inf{r:z, € I, t > s(w)},
then r is a standard stopping time as well.

Proor. Note that if p(s) is the distribution of z, and if p(r) is the
distribution of z,, then p(r) is the balayage of p(s) with respect to the interval
I. Let A = {w: z, € I}. Note that r = 5 on 4°€ so that

Ny + Wy =n,+ sy, F(n), + F(n),e = F(n), + 5(n)dye
where 7(n) = inf(r, n) and 5(n) = inf(s, n). This implies that
lim pl;(n)(x) = Pz,(x)s

n—»o0

provided that
lim Pu(4azm )(.X) = pp.(‘hz,)(x)

n—,oQ

where p(y,2;,) is the distribution of y,z;, and p(y,2z,) is the distribution of
¥,2,. The measure p(y,z,) is concentrated at the end points of I and the
measure p(y,Z;,) is concentrated on the closure of I and it converges weakly
to (Y, 2,), so that the last limit holds. This completes the proof of the lemma.

ProorF oF THEOREM 10.3. The proof is by induction. Assume that standard
stopping times 0 = s(0) < s(1) < - - - < s(k) are given such that the joint
distributions of {y,, kK > n > 0} and of {z,, k > n > 0} are equal, and
then find a standard stopping time s(k + 1) such that s(k) < s(k + 1) and
such that the joint distributions of {y,, k + 1 > n > 0} and of {z,,), k + 1
> n > 0} are equal. This is done in the following way. Let R be the class of
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standard stopping times such that if r € R,
(i) r » s(k), and

(i) pz,(sz:(O)’ s Zy) € B) > Py“,(xk)’o’ .« Y4) € B),
for all B in the Borel field of R“*! with the property that

P((yo,...,yk)eB)>0,
where

p)’ku(’xl(yO’ s syk) € B)

= —flx —,V|P()’k+| S dyl(yo, . "’yk) e B)’
and
p)‘ku(’xl(yo: L] ,yk) S B)

= — [Ix = ¥P (i1 € BI(o - - -, %) € B).

Order the standard stopping times in R by almost everywhere inequality and
note that every totally ordered subsystem has an upper bound, by Lemma 2.5.
This means that R has a maximal element r(0), by Zorn’s lemma. We have
that r(0) > s(k) since all the elements of R have this property. Before letting
s(k + 1) = r(0) we need to check that the joint distributions of {y,, k + 1 >
n > 0} and of {z,,, k + 1 > n > 0} are equal. This follows by Lemma 6.1 if
it can be shown that

(10.1) P (*I(z0y - - -5 Z) € B) = p,, (*|(Y - - -, ) E B)

for all B with P((yg, . . .,yx) € B) > 0. To see this, note that condition (ii)
in the definition of R implies that

P2 = X0 - - 5 2y = Xi)
> Py,,,,.(xl}’o = Xg .- Vk = X)

and there is equality, which implies the desired equality (10.1), unless there is
a set B, an interval I, and a constant ¢ such that

PZ,(O)(xle(O) = xO’ MR zJ‘(k) = xk) > ¢
> Py (XIvo = xo o 0 = %)

forx € I and (x,, . .., x;) € By, where P((yy, . ..,),) € By) > 0 and
Pz, 0y €11 (2g0)s -+ - 1 Z5() EBo)) > 0,

by Lemma 9.2.
Next define r(1) by
inf{t:z, € I°,t > r(0)} ifweC,
r(l) = whereC = {w: (z,0p + -+ » Zu) € By )

r, ifw € C,
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and note that r(1) is a standard stopping time and r(1) > r(0) on a set of
positive probability, and, by Lemma 8.1,

p"(l)(xlz’(o) = Xgp o5 Zik) T xk)
> Pyg(xlyo = xo, P ’yk = xk),
for all x, xp ..., x, unless equality (10.1) holds. This means that the

maximality of r(0) would be contradicted unless (10.1) holds, and this proves
the theorem.

11. The interpolation theorems. In this section the following theorem is
obtained.

THEOREM 11.1. If {y,, n > 0} is a discrete parameter martingale then there
exists a continuous parameter martingale {z,, t > 0} with continuous sample
paths such that {y,, n > 0} and {z,, n > 0} have the same joint distributions.

Note that if the sample paths are not required to be continuous there is
nothing to prove since {z,, t > 0} could then be defined by setting z, = y,,
t€[n,n—1),n=0,12,...,anditis trivial that {z,, 1 > 0} so defined is a
martingale. By using a more complicated construction, a proof similar to that
of Theorem 11.1 would yield

THEOREM 11.2. If {y,, n » 0} is a discrete parameter martingale such that
P{y,# Yus1} =1, n=0,1,2,..., then there exists a continuous parameter
martingale {z,, t > 0} with continuous sample paths without intervals of con-
stancy such that {y,, n > 0} and {z,, n > 0} have the same joint distributions.

Before turning to the proof we introduce some terminology. If {u,, ¢ > 0}
is a martingale and if {r(¢), ¢ > 0} are standard stopping times with continu-
ous sample paths satisfying for almost all w € ©,

@) r(t), w) < r(ty w), 1} < 1, and

(i) r(0, w) = 0,
then say that {r(¢), ¢ > 0} is a standard time change of {u, ¢ > 0} and call
the martingale {u,(,, t > 0} the image of {4, ¢ > 0} under the time change
{r(1), t > 0}. Note that if {«, ¢ > 0} has continuous sample paths so does its
image, and further, {u, ¢ > 0} and its image have the same initial random
variable.

LemMa 11.1. Let {u, t > 0} be a martingale and suppose that 0 = 5(0) <
s(1) < ..., are standard times. Then there exists a standard time change {r(1),
t > 0} such that r(k) = s(k), k=0,1,2,....

ProOF. Let ¢*(f), k =1, 2, 3,..., be any continuous, one-to-one, and
order preserving mapping of [k — 1, k) onto [0, o) and then let

r() = sup[ s(k — 1), inf($* (1), s(k)]s
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t € [k — 1, k). It is clear that r(¢) is a stopping time for each ¢, since stopping
times are closed under inf and sup, and it is also clear that the sample paths
are continuous. To see that r(¢) is a standard stopping time, we have that if
t € [k — 1, k), then r(f) < r(k) = s(k) and hence r(¢) is a standard stopping
time by Lemma 3.3.

ProoF oF THEOREM 11}1. Apply Theorem 10.3 with the continuous parame-
ter martingale being standard Brownian motion with initial distribution equal
to the distribution of y,. Denoting it by {u,, # > 0} we have standard stopping
times 0 = 5(0) < s(1) < ..., such that the joint distributions of {u,, n >
0} and of {y,, n > 0} are equal. Applying then Lemma 11.1 we obtain a
standard time {r(¢), ¢t » 0} with r(k) = s(k), k =0, 1, 2,.... Then define
z, = u,,, t >0, and the theorem follows at once.

THEOREM 11.3. There exists a stochastic process {y,, t > 0} with continuous
sample paths and a positive number a such that {y,,t € [0, a]} and {y,, t € [a,
o0)} are martingales but {y,, t € [0, o0)} is not.

ProoF. Let { B,, t > 0} be standard Brownian motion starting at the origin,
and let s be the standard stopping time obtained by stopping the Brownian
motion when it reaches either +1 or —1. Let (1) and r(2) be standard
stopping times such that 0 < r(1) < s < r(2). In the rest of the proof it will
be convenient to consider £ to be the space of paths so that w = w(?), a
continuous real-valued function of ¢ with w(0) = 0 and w(s(w)) = +1 or —1.
Let A be a set such that

P{lo=ByEAB =1}=P{w:B ) EA° B, =1}=},
and define the path mapping T for w, € {w: B, = 1} by Tw, = w,, where
_ a0, t<s,
@ (1) = { 1+ (1 =w(r), t>s
Next, define {z,, ¢ > 0} by letting
w(?), weKUKULK,
z,(w) =
Tu(f), w€ K,U K,
where
Kl = {0): B_‘.= _'1}, K2= {w: B,(,)EA, B‘= l, B,(2)> l),
K3 = {w: B,(l) € AS, B“. =1, B,(z) < 1},
K4 = {w: B,(l) € A, Bs =1, B,(z) < l},
K5 = {w: B,(l) S Ac, B‘ = l, B,(z) < 1}.
Finally, let y, = 23 ), t €[0, 1) and y, = 2}, t € [1, ), where ¢,(¢) is

any one-to-one, continuous and order preserving mapping of [0, 1) onto [0,
o0) and ¢,(¢) is any one-to-one, continuous and order preserving mapping of
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[1, o0) onto [0, o). It follows that { y,, ¢ > 0} is not a martingale, and that its
sample paths are continuous. Lemmas 3.3 and 3.1b can be used to see that it
is a martingale over [0, 1] and [ 1, o0). This completes the proof of Theorem
11.3.
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